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For strongly anisotropic time-reversal invariant (TRI) insulators in two and three dimensions, the band in-
version can occur respectively at all TRI momenta of a high symmetry axis and plane. Although these classes
of materials are topologically trivial as the strong and weak Z2 indices are all trivial, they can host an even
number of unprotected helical gapless edge states or surface Dirac cones on some boundaries. We show in this
work that when the gapless boundary states are gapped by s±-wave superconductivity, a boundary time-reversal
invariant topological superconductor (BTRITSC) characterized by a Z2 invariant can be realized on the corre-
sponding boundary. Since the dimension of the BTRITSC is lower than the bulk by one, the whole system is
a second-order TRI topological superconductor. When the boundary of the BTRITSC is further cut open, Ma-
jorana Kramers pairs and helical gapless Majorana modes will respectively appear at the corners and hinges of
the considered sample in two and three dimensions. Furthermore, a magnetic field can gap the helical Majorana
hinge modes of the three-dimensional second-order TRI topological superconductor and lead to the realization
of a third-order topological superconductor with Majorana corner modes. Our proposal can potentially be real-
ized in insulator-superconductor heterostructures and iron-based superconductors whose normal states take the
desired inverted band structures.
Topological insulators (TIs) and topological superconduc-
tors (TSCs) are two classes of materials which have a non-
trivial gapped band structure in the bulk and novel gapless
excitations on the boundary[1, 2]. The band topology of TIs
with time-reversal symmetry is known to be characterized by
a Z2 invariant ν in two dimensions (2D) and four Z2 invari-
ants (ν0; ν1ν2ν3) in 3D[3–7]. If the inversion symmetry is
also preserved, these Z2 invariants can be simply inferred
from the parity eigenvalues at time-reversal invariant (TRI)
momenta[7], or equivalently, the number and distribution of
TRI momenta at which the band inversion occurs. In 2D,
when the band inversion occurs at an odd number of TRI mo-
menta, ν is necessitated to take the nontrivial value, and a TI
with an odd number of helical gapless states on each edge
is realized[8–10]. Similarly, when the band inversion occurs
at an odd number of TRI momenta in 3D, the strong Z2 in-
dex ν0 is also necessitated to take the nontrivial value, and
a strong TI with an odd number of Dirac cones on each sur-
face is realized[11–14]. In contrast, when the band inversion
occurs at an even number of TRI momenta, the strong Z2 in-
dex is trivial, but some of the three weak indices (ν1ν2ν3)
can still be nontrivial. For instance, when the band inversion
occurs at 2 (mod 4) TRI momenta, at least one of (ν1ν2ν3)
must be nontrivial according to their definition[7], leading to
the realization of a weak TI in which the surface Dirac cones
only appear selectively on certain surfaces and their number
on each surface is even rather than odd[15, 16].
Because of the time-reversal symmetry, the gapless bound-
ary states in TIs are spin-momentum-locked[17]. Remark-
ably, this property allows the establishment of a direct con-
nection between TIs and TSCs. In the pioneering work of
Fu and Kane[18], it was shown that when the gapless surface
Dirac cones of a strong TI are gapped by s-wave supercon-
ductivity, topological superconductivity can be realized in the
pi-flux vortices, manifested by the presence of Majorana zero
modes (MZMs). The vortex MZMs also follow a Z2 classi-
fication, which means that there exists one topologically pro-
tected MZM only when the number of MZMs in a pi-flux vor-
tex is odd[19–21]. On the other hand, the number of MZMs
is directly connected to the number of surface Dirac cones,
therefore, insulators with an even number of band inversions
are disfavored in this scenario. Apparently, this rules out a
considerable amount of strongly anisotropic materials which
generally favor an even number of band inversions.
In this work, we build a new scenario which favors such
strongly anisotropic band-inverted insulators. Concretely, we
consider insulators with both time-reversal symmetry and in-
version symmetry, whose band inversions occur at all TRI mo-
menta of a high symmetry axis in 2D and a high symmetry
plane in 3D. Although such band-inverted insulators are topo-
logically trivial as the strong and weak Z2 indices are all triv-
ial, they can host an even number of unprotected helical gap-
less edge states in 2D and surface Dirac cones in 3D on some
boundaries. The gapless boundary states are found to form
floating bands which are non-degenerate due to the breaking
of inversion symmetry on the boundary. By introducing s±-
wave superconductivity rather than s-wave superconductivity
to gap the gapless floating bands, we find that a TRI TSC
characterized by a Z2 invariant can be realized on the cor-
responding boundary, even though the band topology of the
bulk is necessitated to be trivial. As the TRI TSC is realized
on the boundary, we term it boundary time-reversal invariant
topological superconductor (BTRITSC). Because the dimen-
sion of the BTRITSC is lower than the bulk by one, the whole
system is a second-order TRI TSC which harbors Majorana
Kramers pairs (two MZMs related by time-reversal symme-
try) at the sample corners in 2D and helical gapless Majo-
rana modes at the sample hinges in 3D[22–28]. Remarkably,
a magnetic field can gap the helical Majorana hinge modes in
3D and lead to the realization of a third-order TSC with Ma-
jorana corner modes[29, 30]. The new scenario thus unveils a
new route for the realization of higher-order TSCs[31–60].
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2BTRITSCs in 2D.— To illustrate the essential physics, we
start with a simple 2D Bogoliubov-de Gennes (BdG) Hamil-
tonian H = 12
∑
k ψ
†
kHBdG(k)ψk, where
HBdG(k) =
(
H0(k)− µΣ00 −iΣ20∆(k)
iΣ20∆(k) µΣ00 −H∗0 (−k)
)
,
H0(k) = 2D(k)Σ00 +m2D(k)Σ03 + λ1 sin k1Σ31
+λ2 sin k2Σ02,
∆(k) = ∆0 −∆1(cos k1 + cos k2), (1)
andψk = (ck,a,↑, ck,b,↑, ck,a,↓, ck,b,↓, c
†
−k,a,↑, c
†
−k,b,↑, c
†
−k,a,↓,
c†−k,b,↓)
T . In the BdG Hamiltonian (1), Σij = si ⊗ σj , where
the Pauli matrices si and σj act respectively on the spin (↑, ↓)
and orbital (a, b) degrees of freedom, and s0 and σ0 are 2× 2
unit matrices. H0(k) describes the normal state, with the
first term characterizing the asymmetry of the conduction
and valence bands, the second term characterizing the band
inversion, and the last two terms representing spin-orbit
coupling. Here we take 2D(k) = 1 cos k1 + 2 cos k2,
m2D(k) = m0 − m1 cos k1 − m2 cos k2, and λ1,2 are
assumed to be positive. ∆(k) describes the superconducting
order parameter. In this work, we consider s±-wave super-
conductivity which can be achieved intrinsically[61–70] or
extrinsically by superconducting proximity effect from an
iron-based superconductor[71, 72]. Moreover, the lattice
constants are set to unity throughout for notational simplicity.
It is readily verified that H0 has both time-reversal symme-
try and inversion symmetry, with the time-reversal and inver-
sion operators given by T = is2 ⊗ σ0K and P = s0 ⊗ σ3,
respectively, where K denotes the complex conjugation. Ac-
cordingly, the bulk bands have Kramers degeneracy at ev-
ery momentum, and the Z2 invariant characterizing the band
topology of H0(k) is simply given by[7]
(−1)ν =
4∏
i=1
ξ(Γi), (2)
where ξ(Γi) denotes the parity eigenvalue of the two lower
Kramers degenerate bands at the TRI momenta Γi (Γi = −Γi
up to a reciprocal lattice vector). ForH0(k), it is readily found
that away from the critical lines m0 ±m1 ±m2 = 0 where
the bulk gap gets closed, we have
(−1)ν =
∏
α=±1,β=±1
sgn(m+ αm1 + βm2). (3)
According to the above formula, the phase diagram can be
straightforwardly determined, as shown in Fig.1(a). In the
phase diagram, the normal (or trivial) insulator (NI) phase is
further divided into two distinct parts. The first part labeled as
NI1 has zero (mod 4) band inversion (or equivalently to say,
the parity eigenvalues at the four TRI momenta take the same
sign in these regimes), and the second part labeled as NI2 has
band inversions at two TRI momenta. We are interested in NI2
since gapless boundary states can appear on certain bound-
aries, whereas they are completely absent in NI1.
(b)
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FIG. 1. (a) Phase diagram of the normal state. (b)(c)(d) Energy spec-
trum under a cylinder geometry. The lattice size along the direction
with open boundary condition is L = 100. (b) No gapless state ap-
pears on the x1-normal edges. (c) The in-gap dispersions (blue lines)
are of double degeneracy, corresponding to the presence of two pairs
of helical gapless states on each x2-normal edge. The helical gapless
states on each edge form two non-degenerate floating bands. (d) The
floating bands remain in the gap even when the conduction-valence
asymmetry is strong enough to change the insulator to a metal. Com-
mon parameters are m1 = 1, m0 = 0, m2 = 2, λ1 = 0.5, λ2 = 1.
1,2 = 0 in (b) (c), and 1 = 0, 2 = 1.5 in (d).
In the following, we consider a specific case where the band
inversion occurs at the two TRI momenta (k1, k2) = (0, 0)
and (pi, 0) to illustrate the essential physics. Without loss of
generality, we take m1 = 1 as the energy unit and set m0 = 0
and m2 = 2 to realize the desired condition. To reveal the
selective existence of helical gapless states on certain bound-
aries, we consider that the insulator takes a cylinder geometry
with open boundary condition in one direction and periodic
boundary condition in the other orthogonal direction. The re-
sults shown in Figs.1(b)(c) indicate that helical gapless states
do not appear on the x1-normal edges, but appear on the x2-
normal edges. One can see that the helical edge states cross
at both TRI momenta in the edge Brillouin zone, suggesting
the presence of two pairs of helical gapless states on each x2-
normal edge. However, unlike TIs, the helical gapless edge
states do not traverse the bulk gap, instead they form two float-
ing bands within the gap. It is noteworthy that conduction-
valence asymmetry only affects the dispersion of the float-
ing bands. The floating bands exist even if the asymmetry
is strong enough to change the insulator to a metal, as shown
in Fig.1(d).
Let us now take into account the s±-wave superconduc-
tivity. Before focusing on the boundary, we first discuss
the bulk. As the TRI BdG Hamiltonian belongs to the DIII
3class, the band topology of its 2D bulk also follows a Z2
classification[73–75]. For the concerned spin-singlet pairing,
the Z2 invariant is simply given by[76]
N2D =
∏
s
[sgn(∆s)]ms , (4)
where ms denotes the number of TRI momenta enclosed by
the sth Fermi surface, and sgn(∆s) denotes the sign of the
pairing on the sth Fermi surface. Because the normal state
has both time-reversal symmetry and inversion symmetry, the
Kramers degeneracy at every momentum forces the double
degeneracy of Fermi surface, if any. As a result, N2D is
necessitated to take the trivial value 1. Therefore, the bulk
is always topologically trivial for the concerned spin-singlet
pairing. However, the inversion symmetry is broken on the
boundary, which consequently lifts the Kramers degeneracy.
Indeed, on each x2-normal edge, the floating bands shown in
Figs.1(c)(d) do not have Kramers degeneracy away from the
two TRI momenta, which, as will be shown in the following,
enables the realization of 1D TRI TSC on the boundary.
As the floating bands extends over the whole Brillouin
zone, they can be described by a truly 1D lattice Hamiltonian.
This is sharply distinct to 2D TIs in which a lattice realization
of the helical gapless edge states is known to be impossible.
Without loss of generality, we take the simple conduction-
valence symmetric case for illustration. In this limit, the float-
ing bands shown in Fig.1(c) on one of the x2-normal edges is
simply described by
Hf (k1) = λ1 sin k1s3. (5)
In the presence of s±-wave superconductivity, the BdG
Hamiltonian on the corresponding edge reads
He(k1) = λ1 sin k1τ0 ⊗ s3 − µτ3 ⊗ s0
+(∆0 −∆1 cos k1 −∆2(k1))τ2 ⊗ s2, (6)
where the Pauli matrices τi act on the particle-hole space, and
∆2(k1) ' ∆1(m0 −m1 cos k1)/m2 (here we provide a gen-
eral expression), which is originated from the ∆1 cos k2 term
of the pairing under the open boundary condition in the x2
direction (see details in the Supplemental Material[77]). This
1D TRI BdG Hamiltonian also follows a Z2 classification and
the Z2 invariant takes a form similar to Eq.(4)[76],
N1D =
∏
s
[sgn(∆s)], (7)
where sgn(∆s) denotes the sign of the pairing on the sth
Fermi point between 0 and pi, as illustrated in Fig.2(a). Ac-
cording to Eq.(6), there are two Fermi points between 0
and pi when µ ∈ (−λ1, λ1), which are located at ks,a =
arcsin(|µ/λ1|) and ks,b = pi − ks,a. Following Eq.(7), we
then have
N1D = sgn[(∆0 − m0∆1
m2
)2 −∆21(1−
m1
m2
)2(1− µ
2
λ21
)2](8)
in the regime µ ∈ (−λ1, λ1). Under appropriate condition,
N1D can take the nontrivial value −1, which corresponds to
E
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FIG. 2. (a) The sign of pairing on the Fermi points between 0
and pi. The two solid black lines denote the floating bands formed
by the gapless boundary states. The dashed blue line denotes the
Fermi level, and the two dashed purple lines indicate the momenta
at which the pairing changes sign. The blue and red star denote the
Fermi points with negative and positive pairing, respectively. (b)
Density profiles of four Majorana Kramers pairs are located at the
four corners of the considered square sample. The inset shows a few
energy eigenvalues closest to zero. The parameters in (a) and (b) are
m0 = 0, m1 = 1, m2 = 2, λ1 = 0.5, λ2 = 1.0, 1,2 = 0, ∆1 = 0,
∆1 = 0.2.
the realization of a 1D BTRITSC. It is noteworthy that when
µ2 > λ21, there is no Fermi point, so N1D always takes the
trivial value 1, indicating a trivial boundary.
To further demonstrate the above analytical results, we con-
sider {m0,m1,m2,∆0,∆1} = {0, 1, 2, 0, 0.2}. Then ac-
cording to Eq.(8), we have N1D = −1 in the regime µ ∈
(−λ1, λ1). As a 1D TRI TSC is characterized by the exis-
tence of one Majorana Kramers pair on each end[78–83], the
realization of BTRITSCs will be manifested by the presence
of Majorana Kramers pairs at the boundary of the BTRITSCs,
i.e., the corners of a square sample. As shown in Fig.2(b),
the numerical result confirms the prediction. It is notewor-
thy that from a bulk perspective, the presence of Majorana
Kramers pairs at the corners indicates that the whole system
is a second-order TRI TSC[22, 23].
BTRITSCs in 3D.— The generalization to 3D is straightfor-
ward. We only need to generalize the normal-state Hamilto-
nian into a 3D form and keep the pairing term intact. Here we
consider
H0(k) = 3D(k)Σ00 +m3D(k)Σ03 +
∑
i
λi sin kiΣi1,(9)
where 3D(k) =
∑
i i cos ki and m3D(k) = m0 −∑
imi cos ki (i runs over 1, 2 and 3). Similarly, without loss
of generality, we consider that the band inversion occurs at the
four TRI momenta of the k3 = 0 plane. For such a configura-
tion, both the strong and weak Z2 indices are trivial because
the product of parity eigenvalues in each of the k1,2,3 = 0/pi
planes gives the trivial value[7]. To realize this configuration,
we take m0 = 0, m1 = m2 = 1 and m3 = 3. As shown in
Fig.3(a), this configuration realizes 2D spin-degeneracy-lifted
floating bands on the x3-normal surfaces. By performing sim-
ilar analysis as in 2D, we find that the floating bands of the
4normal state are described by
Hf (k1, k2) = λ1 sin k1s1 + λ2 sin k2s2. (10)
In the presence of s±-wave superconductivity, the correspond-
ing surface BdG Hamiltonian takes a very simple form, which
reads
Hs(k1, k2) = λ1 sin k1τ0 ⊗ s1 + λ2 sin k2τ3 ⊗ s2 − µτ3 ⊗ s0
+(∆0 −∆1(cos k1 + cos k2))τ2 ⊗ s2. (11)
The band topology of Hs is just characterized by the Z2 in-
variant given in Eq.(4). As the normal-state Fermi surface
is determined by ±
√∑
j=1,2 λ
2
j sin
2 kj = µ, and the pairing
changes sign at the nodal line determined by ∆0−∆1(cos k1+
cos k2) = 0, N2D can be intuitively determined by inspecting
the configuration of Fermi surface and pairing nodal line, as
illustrated in Fig.3(b). When the pairing nodal line encloses
one Fermi surface, N2D = −1, and a 2D BTRITSC is real-
ized. Similarly, the realization of a 2D BTRITSC is mani-
fested by the presence of helical Majorana modes[79, 84], as
shown in Figs.3(c)(d). As the helical Majorana modes appear
at the boundary of the z-normal surfaces, the whole system is
a 3D second-order TRI TSC from a bulk perspective[24].
Effect of an external magnetic field.— Thus far, the time-
reversal symmetry, which prohibits two time-reversal partner
Majorana modes from coupling, has been assumed to be pre-
served. Applying a magnetic field will generate a Zeeman
term of the form (B1τ0⊗ s1 +B2τ3⊗ s2 +B3τ0⊗ s3)⊗ σ0,
accordingly breaking this symmetry. Although the Majorana
Kramers pairs in 2D and helical Majorana hinge modes in 3D
are no longer protected when the time-reversal symmetry is
broken, the magnetic field can induce interesting topological
phase transitions. In 2D, the Majorana Kramers pairs can be
changed to solitary MZMs when the magnetic field exceeds a
critical value[22]. Remarkably, in 3D, a magnetic field in the
x1-x2 plane can immediately gap the helical Majorana hinge
modes and lead to the presence of solitary MZMs at certain
inversion-related corners[35, 40]. It means that the magnetic
field can change the second-order TRI TSC to a third-order
time-reversal-symmetry-breaking TSC[29, 30]. It is notewor-
thy that such a response to magnetic field is sharply distinct to
second-order TRI TSCs realized by a combination of strong
TIs and s±-wave superconductivity[24, 85]. For the latter,
counter-intuitively, the magnetic field cannot gap the helical
Majorana hinge modes, because they have a domain-wall ori-
gin therein and the magnetic field cannot directly act on the
domain-wall subspace[85].
Conclusions.— In this work, we have shown that 1D and
2D TRI TSCs can be respectively realized on the boundary
of 2D and 3D trivial band-inverted insulators when their un-
protected gapless boundary states are gapped by s±-wave su-
perconductivity. Because the dimension of the BTRITSCs is
lower than the bulk by one, the BTRITSCs open a new route
for the realization of second-order TRI TSCs. In addition, we
found that by applying a magnetic field, a third-order TSC
with Majorana corner modes can be readily induced from the
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FIG. 3. (a) Normal-state energy spectrum for a geometry with open
boundary condition in the x3 direction and periodic boundary con-
dition in the x1 and x2 directions. The spectrum is shown along the
high symmetric lines of the surface Brillouin zone. (b) A configu-
ration with N2D = −1. The dashed purple line denotes the pairing
nodal line, and the solid red and green lines on its two sides de-
note Fermi surfaces with positive and negative pairing, respectively.
(c) Superconducting-state energy spectrum for the configuration in
(b). The sample takes open boundary condition in the x1(x2) and
x3 directions and periodic boundary condition in the x2(x1) direc-
tion. Because the Hamiltonian has C4 rotation symmetry, the energy
spectra for the two cases are the same. The in-gap dispersions are of
four-fold degeneracy, which correspond to four pairs of helical Ma-
jorana modes. (d) The density profiles of the helical Majorana modes
are localized at the hinges of the sample. The inset provides an intu-
itive illustration of their distribution on the cubic sample. Common
parameters are 1,2,3 = 0, m0 = 0, m1,2 = 1, m3 = 3, λ1,2 = 0.5,
λ3 = 1.5. In (b)(c)(d), ∆0 = 0.1, ∆1 = 0.15 and µ = 0.3.
second-order TRI TSC realized in this route. Our established
new scenario unveils that the widely-overlooked trivial band-
inverted insulators can also be applied for the realization of
TSCs and concomitant Majorana modes, hopefully broaden-
ing the scope of material candidates for TSCs.
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This supplemental material contains the derivation of boundary Hamiltonians. We start with the normal-state Hamiltonian in
two dimensions (2D), which is given by
H0(k) = (1 cos k1 + 2 cos k2)Σ00 + (m0 −m1 cos k1 −m2 cos k2)Σ03
+λ1 sin k1Σ31 + λ2 sin k2Σ02, (S1)
where Σij = si⊗σj , with the Pauli matrices si and σj acting respectively on the spin (↑, ↓) and orbital (a, b) degrees of freedom.
s0 and σ0 are two-by-two unit matrices.
Consider that the band inversion occurs at the two time-reversal invariant (TRI) momenta (k1, k2) = (0, 0) and (pi, 0), we first
make a Taylor expansion around k2 = 0 to the second order of k2. Accordingly, we have
H0(k1, k2) = [(k1)− 2
2
k22]Σ00 + [m(k1) +
m2
2
k22]Σ03 + λ1 sin k1Σ31 + λ2k2Σ02, (S2)
where (k1) = 2 + 1 cos k1 and m(k1) = m0 − m2 − m1 cos k1. In the following, we consider m2 and λ2 to be positive.
According to the band inversion, we have m(k1) < 0 for an arbitrary k1 ∈ (−pi, pi).
To obtain the gapless states on the x2-normal edges, we further consider a half-infinity sample which occupies the region
0 ≤ x2 ≤ +∞. Because the translational symmetry is broken in the x2 direction, the wave vector k2 needs to be replaced by
−i∂x2 . Accordingly, the Hamiltonian becomes
H0(k1,−i∂x2) = [(k1) +
2
2
∂2x2 ]Σ00 + [m(k1)−
m2
2
∂2x2 ]Σ03
+λ1 sin k1Σ31 − iλ2∂x2Σ02. (S3)
Next, we divide the Hamiltonian into two parts, i.e., H0 = H1 +H2, where
H1(k1,−i∂x2) = [m(k1)−
m2
2
∂2x2 ]Σ03 − iλ2∂x2Σ02,
H2(k1,−i∂x2) = [(k1) +
2
2
∂2x2 ]Σ00 + λ1 sin k1Σ31. (S4)
We first solve the eigenvalue equation H1(k1,−i∂x2)ψ(x2) = Eψ(x2) under the boundary condition ψ(0) = ψ(+∞) = 0. It
is readily found that there are two zero-energy solutions for an arbitrary k1 ∈ (−pi, pi). The two solutions take the form
ψα=1,2(x2) = N sin(κ1x2)e−κ2x2eik1x1χα, (S5)
with normalization given by |N |2 = 4|κ2(κ21 + κ22)/κ21|, where κ1 =
√
− 2m(k1)m2 −
λ22
m22
, and κ2 = λ2m2 . Furthermore, χα satisfy
Σ01χα = χα, which can be chosen as
χ1 = |s3 = 1, σ1 = 1〉,
χ2 = |s3 = −1, σ1 = 1〉. (S6)
By projecting H2 into the subspace expanded by χ1 and χ2, we obtain the boundary Hamiltonian, which is given by
[He(k1)]αβ =
∫ +∞
0
dx2ψ
†
α(x2)H2(k1,−i∂x2)ψβ(x2)
=
{
[(k1) +
m1(k1)2
m2
]s0 + λ1 sin k1s3
}
αβ
, (S7)
or equivalently,
He(k1) = [(k1) +
m1(k1)2
m2
]s0 + λ1 sin k1s3
= [
m02
m2
+ 1 cos k1 − m12
m2
cos k1]s0 + λ1 sin k1s3. (S8)
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FIG. S1. Dispersions of the helical gapless states on the x2-normal edges. The blue curves correspond to numerical results, and the red curves
correspond to analytical results. (a) 1 = 2 = 0, the numerical and analytical results perfectly agree with each other. (b) 1 = 0, 2 = 0.5,
the numerical and analytical results show small deviation away from time-reversal invariant momenta. (c) 1 = 0, 2 = 1. The increase of
conduction-valence asymmetry increases the deviation between numerical and analytical results, suggesting that the expansion of k2 to the
second order is no longer sufficient.
For the conduction-valence symmetric case, i.e., 1,2 = 0, Eq.(S8) reduces to Eq.(5) of the main text, and the analytical results
perfectly agree with the numerical results, as shown in Fig.S1(a). When conduction-valence asymmetry is present and strong,
the analytical results still agree with the numerical results well, as shown in Figs.S1(b)(c).
After taking into account the s±-wave pairings, the Hamiltonian needs to be generalized as
HBdG(k) = [(1 cos k1 + 2 cos k2)− µ]Σ300 + (m0 −m1 cos k1 −m2 cos k2)Σ303
+λ1 sin k1Σ031 + λ2 sin k2Σ302 + [∆0 −∆1(cos k1 + cos k2)]Σ220. (S9)
where Σijk = τi ⊗ sj ⊗ σk, with the new Pauli matrices τi acting on the particle-hole degrees of freedom. Similarly, we make
an expansion about k2, and then do the replacement k2 → −i∂x2 and decomposition HBdG = H1 +H2. Accordingly, we have
H1(k1,−i∂x2) = [m(k1)−
m2
2
∂2x2 ]Σ303 − iλ2∂x2Σ302,
H2(k1,−i∂x2) = [(k1) +
2
2
∂2x2 − µ]Σ300 + λ1 sin k1Σ031 + [∆0 −∆1 cos k1 − (∆1 +
∆1
2
∂2x2)]Σ220. (S10)
Because of the increase of particle-hole degrees of freedom, now there are four zero-energy solutions of the eigenvalue equation
H1(k1,−i∂x2)ψα(x2) = Eψα(x2). The general form of ψα(x2) still reads
ψα=1,2,3,4(x2) = N sin(κ1x2)e−κ2x2eik1x1χα, (S11)
but now χα satisfy Σ001χα = χα, which can be chosen as
χ1 = |τ3 = 1, s3 = 1, σ1 = 1〉,
χ2 = |τ3 = 1, s3 = −1, σ1 = 1〉,
χ3 = |τ3 = −1, s3 = 1, σ1 = 1〉,
χ4 = |τ3 = −1, s3 = −1, σ1 = 1〉. (S12)
By projecting H2 into the four-dimensional subspace expanded by χ1,2,3,4, we obtain the boundary Hamiltonian, which is given
by
[He(k1)]αβ =
∫ +∞
0
dx2ψ
†
α(x2)H2(k1,−i∂x2)ψβ(x2)
=
{
[(k1) +
m1(k1)2
m2
− µ]τ3 ⊗ s0 + λ1 sin k1τ0 ⊗ s3 + [∆0 −∆1 cos k1 −∆2(k1)]τ2 ⊗ s2
}
αβ
, (S13)
or equivalently,
He(k1) =
(
m02
m2
+ 1 cos k1 − m12
m2
cos k1 − µ
)
τ3 ⊗ s0 + λ1 sin k1τ0 ⊗ s3 + [∆0 −∆1 cos k1 −∆2(k1)]τ2 ⊗ s2,(S14)
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FIG. S2. Superconducting boundary bands. (a) The parameters of the 2D BdG Hamiltonian are 1,2 = 0, m0 = 0, m1 = 1, m2 = 2,
λ1 = 0.5, λ2 = 1.0, µ = 0.3, ∆0 = 0 and ∆1 = 0.2. The lattice size along the direction with open boundary condition is 100 lattice
spacings. The numerical (blue curves) and analytical (red curves) results show excellent agreement. (b) The parameters of the 3D BdG
Hamiltonian are 1,2,3 = 0, m0 = 0, m1,2 = 1, m3 = 3, λ1,2 = 0.5, λ3 = 1.5, µ = 0.3, ∆0 = 0.1 and ∆1 = 0.15. The lattice size
along the direction with open boundary condition is 100 lattice spacings. The numerical (blue curves) and analytical (red curves) results show
perfect agreement.
where, to the first two orders,
∆2(k1) = |N 2|
∫ +∞
0
dx2 sin(κ1x2)e
−κ2x2 [∆1 +
∆1
2
∂2x2 ] sin(κ1x2)e
−κ2x2
= ∆1 +
∆1m(k1)
m2
=
m0 −m1 cos k1
m2
. (S15)
Eq.(S14) is just the Eq.(6) of the main text. According to Eq.(S14), the energy bands are given by
E±,±(k1) = ±
√(
m02
m2
+ 1 cos k1 − m12
m2
cos k1 − µ± λ1| sin k1|
)2
+ [∆0 −∆1 cos k1 −∆2(k1)]2. (S16)
For the conduction-valence symmetric case, the numerical and analytical results again show excellent agreement, as shown in
Fig.S2(a).
Similarly, we can derive the boundary Hamiltonian for the 3D case. Since the derivation is similar and straightforward, we
neglect the process and just show that the agreement of numerical and analytical results, as shown in Fig.S2(b).
